Let D be an integral domain. Then D is an almost valuation (AV-)domain if for a, b ∈ D \ {0} there exists a natural number n with a n | b n or b n | a n . AV-domains are closely related to valuation domains, for example, D is an AV-domain if and only if the integral closure D is a valuation domain and D ⊆ D is a root extension. In this note we explore various generalizations of DVRs (which we might call almost DVRs) such as Noetherian AV-domains, AV-domains with D a DVR, and quasilocal and local API-domains (i.e., for {aα} α∈Λ ⊆ D, there exists an n with ({a n α } α∈Λ ) principal). The structure of complete local AV-domains and API-domains is determined.
an integrally closed domain is an AB-domain if and only if it is a Prüfer domain with torsion class group [4, Theorem 4.7] . Also a domain D is called an almost principal ideal domain (API-domain) if for any nonempty subset {d α } α∈Λ of D * , there exists a natural number n = n({d α } α∈Λ ) with ({d n α } α∈Λ ) principal. Now an integrally closed domain is an API-domain if and only if it is a Dedekind domain with torsion class group [4, Theorem 4.12 ]. However, unlike the AV-domain and AB-domain cases, we can have D ⊆ D a root extension and D is an API-domain (even a DVR) without D being an API-domain [4, Example 4.14] . Of course an API-domain is an AB-domain and hence D ⊆ D is a root extension with D being an AB-domain (equivalently, a Prüfer domain with torsion class group), but it is not known whether D must actually be a Dedekind domain. In the case where D ⊆ D is a bounded root extension (i.e., there exists a natural number n with x n ∈ D for each x ∈ D), D is an API-domain if and only if D is an API-domain [4, Theorem 4.11 ]. However, if D ⊆ D is a root extension and D is an AGCD-domain (even a UFD), D need not be an AGCD-domain (see [2, Example 3.1] ).
We next give a brief review of root extensions. An extension R ⊆ S of commutative rings is a root extension if for each s ∈ S, there exists a natural number n = n(s) with s n ∈ R and is a bounded root extension if there exists a natural number n with s n ∈ R for each s ∈ S. If R ⊆ S is a root extension, then the map Spec(S) → Spec(R) given by Q → Q R is a homeomorphism with inverse P → {s ∈ S | s n ∈ P for some natural number n} [4, Theorem 2.1]. Hence dim R = dim S (this also follows since R ⊆ S is an integral extension) and R is quasilocal if and only if S is quasilocal. Note that if R ⊆ S is a (bounded) root extension, then T (R) ⊆ T (S) is also a (bounded) root extension, where T (R) (resp., T (S)) is the total quotient ring of R (resp., T (S)). The following theorem characterizes when a field extension is a (bounded) root extension. Theorem 1. Let K ⊆ L be a field extension.
(1) ( [6] ) K ⊆ L is a root extension if and only if L/K is purely inseparable (which in the characteristic 0 case means K = L) or L is algebraic over a finite field. (2) ([2, Corollary 2.2]) K ⊆ L is a bounded root extension if and only if L is purely inseparable over K of bounded exponent (i.e, K = L or L p n ⊆ K for some natural number n where charK = p) or L is finite. (3) ([2, Corollary 2.3]) K ⊆ L is a root extension with the property that for each intermediate field F (K ⊆ F ⊆ L) with [F : K] finite, K ⊆ F is a bounded root extension if and only if L/K is purely inseparable or K is a finite field and L is algebraic over K.
We next give some results about AV-domains, some known and some new.
(1) For an integral domain D with quotient field K, the following conditions are equivalent. (2) This immediately follows from (1).
(3) This immediately follows from the equivalence 1(a) and 1(e).
(4) (⇒) Let a, b ∈ S * , so there exists a natural numbers n with a n , b n ∈ R. So there exists a natural number m with a nm | b nm or b nm | a nm in R. Hence a nm | b nm or b nm | a nm in S.
(⇐) Let a, b ∈ R * . So there exists a natural number n with a n | b n or b n | a n in S. Without loss of generality, suppose that a n | b n in S, so sa n = b n for some s ∈ S. Choose m with s m ∈ D. Then s m a mn = b mn . Hence a mn | b mn in R.
(5) Suppose that D is an AV-domain. Let x, y ∈ D/P , so x = a + P and y = b + P for some a, b ∈ D. Without loss of generality, we can assume that (a n ) ⊆ (b n ) for some natural number n. Then (x n ) ⊆ (y n ). So D/P is an AVdomain.
(6) Now D is a valuation domain with quotient field K. So D L is a valuation domain with field L. Let M be the quotient field of D L (unlike the valuation domain case, M may be a proper subfield of L). Then D L = D M and D M is a valuation overring of D L with quotient field M . Since D ⊆ D is a root extension, D M ⊆ D M is a root extension. Then D M = D M and D M is an AV-domain.
Remark 3.
(1) Let D be a subring of a field K. If for each x ∈ K * , either x ∈ D or x −1 ∈ D, then D is a valuation domain with quotient field K. Suppose that we just have for each x ∈ K * , that x n ∈ D or x −n ∈ D for some natural number n = n(x). Then while D is an AV-domain, K need not be the quotient field of D. For example, let M N be a purely inseparable field extension of bounded exponent. Take D = M [[X]] and K = N ((X)), the quotient field of N [[X]]. For f ∈ K * , there is a natural
], but the quotient field of D is M ((X)) K.
(2) If V is a valuation domain with quotient field K and L is a subfield of K, then V L is a valuation domain with quotient field L. However, if V is an AV-domain, V L need not have quotient field L. Let F G be a purely inseparable field extension.
We next collect some results about API-domains.
Theorem 4. The following statements hold for API-domains.
(1) A quasilocal API-domain is an AV-domain.
(2) A domain D is a quasilocal API-domain if and only if for each nonempty subset {a α } α∈Λ of D * , there exists a natural number n = n({a α } α∈Λ ) and an α 0 ∈ Λ, with a n α0 | a n α for each α ∈ Λ. Proof. (1) This follows from Theorem 2 (1) or from (2).
(2) (⇐) Certainly D is an AV-domain, so D is quasilocal. Note that ({a n α } α∈Λ ) = (a n α0 ), so D is an API-domain. (⇒) Since D is an API-domain, ({a n α } α∈Λ ) is principal for some natural number n. Since D is quasilocal, a principal ideal is completely join-irreducible. Thus ({a n α } α∈Λ ) = (a n α0 ) for some α 0 ∈ Λ. 
The last statement follows from the fact that a quasilocal API-domain is an AV-domain and hence Spec(D) is totally ordered. (10) Let {r α } α∈Λ ⊆ D * L. Since D is a quasilocal API-domain, by (2) there exists a natural number n and α 0 ∈ Λ with r n α0 | r n α in D for each α ∈ Λ. Now r n α0 d α = r n α for some d α ∈ D. Hence d α = r n α /r n α0 ∈ D L. So r n α0 | r n α in D L.
We next note that the converse of Theorem 4 (5) is not true. D can be a local API-domain with D ⊆ D a bounded root extension, but [D : D] = 0 (equivalently, D is not a finitely generated D-module).
Let R be a commutative ring. The lattice L(R) of ideals of R is a complete multiplicative lattice. Let R and S be two quasilocal rings and suppose that Θ :
is a complete multiplicative lattice isomorphism. Recall that in a quasilocal ring an ideal is principal if and only if it is completely join-irreducible. Thus an ideal J of R is principal if and only if Θ(J) is principal. It easily follows that R is an AV-domain (resp., API-domain) if and only if S is an AV-domain (resp., API-domain). (The hypothesis that R and S are quasilocal is essential. Indeed, for any Prüfer domain (resp., Dedekind domain) D, D(X) is a Bezout domain (resp, PID) and the map Θ :
Suppose that (D, M ) is a one-dimensional local domain. Then the map Θ :
is a complete multiplicative lattice isomorphism if and only if D is analytically irreducible (i.e., D is an integral domain). The implication (⇒) is clear. Conversely, suppose that D is an integral domain. Then any ideal of D (resp., D) other than 0 and D (resp., D) is M -primary (resp., M -primary). Since the map Q → DQ (with inverse the contraction map) is an order preserving bijection between the set of M -primary ideals of D and the set of M -primary ideals of D, Θ is a a complete multiplicative lattice isomorphism. Thus for D analytically irreducible, D is an AVdomain (resp., API-domain) if and only if D is an AV-domain (resp., API-domain). Recall that D is analytically irreducible if and only if D is finitely generated Dmodule (equivalently, [D : D] = 0) and D is a DVR [5] . So Example 5 shows that a local API-domain D need not be analytically irreducible and hence D need not be an API-domain. Thus we have the following theorem. (1) D is an AV-domain (resp., API-domain).
(2) D ⊆ D is a root extension (resp., bounded root extension) and D is a DVR (equivalently, dim D = 1). (3) D is an AV-domain (resp., API-domain).
Then (3) ⇒ (2) ⇒ (1) and if D is a finitely generated D-module, (1) ⇒ (3).
Proof. Since (1), (2) and (3) give that dim D = 1 and for a root extension D ⊆ D, D is a DVR if and only if dim D = 1, we may assume that dim D = 1 and replace (2) by (2 ′ ): D ⊆ D is a root extension (resp., bounded root extension).
(3) ⇒ (2) Suppose that D is an AV-domain (resp., API-domain). So D is an integral domain and hence from the previous paragraph, D an AV-domain (resp., API-domain) gives that D is an AV-domain (resp., API-domain). Thus if D is an AV-domain, D ⊆ D is a root extension. Suppose that D is an API-domain. Then D being a domain gives [D : D] = 0, and hence by Theorem 4 (5), D ⊆ D is a bounded root extension.
(2) ⇒ (1) Suppose that D ⊆ D is a root extension. Then dim D = 1 gives that D is a DVR and hence D is an AV-domain. Suppose that D ⊆ D is a bounded root extension. Then D is an API-domain by Theorem 4 (4) .
Suppose that D is a finitely generated D-module. If D is an AV-domain (or an API-domain), then D is a DVR. Hence D is analytically irreducible. By the remarks of paragraph preceding Theorem 6, we have that D an AV-domain (resp., API-domain) gives that D is an AV-domain (resp., API-domain).
The next two theorems give a complete characterization of complete local AVdomains and API-domains. 
Proof. ]. However, in this case we can also just quote Theorem 4 (9).
(
Suppose that a n 0 ∈ k. Then f p l n = (f p l ) n = (a n 0 ) p l + n(a p l 0 ) n−1 X p l + · · · ∈ R. Hence if k ⊆ K is a root extension (resp., bounded root extension), R ⊆ K[[X]] is a root extension (resp., bounded root extension). Thus D ⊆ K[[X]] is a root extension (resp., bounded root extension). So D is an AV-domain (resp., quasilocal APIdomain). Suppose that D is an API-domain. Since [D : D] = 0, Theorem 4 (5) gives that D ⊆ D is a bounded root extension. Hence D/M ⊆ K is a bounded root extension. Conversely, suppose that D/M ⊆ K is a bounded root extension.
Thus f p l n ∈ D, so D ⊆ D is a bounded root extension. Thus D is an API-domain by Theorem 4 (4) . Suppose that [K : k] < ∞. Then K[[X]] is a finitely generated R-module and hence R is Noetherian by the Eakin-Nagata Theorem. But D is a finitely generated R-module, so D is also Noetherian. Also, R is a complete local ring and hence so is D since D is a finitely generated R-module.
(3) Suppose that (D, M ) is a complete local AV-domain (resp., complete local API-domain) with charD = charD/M = p > 0. Now (D, M ) is a complete DVR with charD = charD/M = p > 0, so D ∼ = K[[X]] where K is a coefficient field for D. Moreover, we can take a coefficient field k ∼ = D/M for D with k ⊆ K. Since D is complete, D is a finitely generated D-module. So 0 = [D : D] = K[[X]]X m for some natural number m. Since D ⊆ D is a root extension (resp., bounded root extension), k ⊆ K is a root extension (resp., bounded root extension). Note that
Since D is a finitely generated D-module, D/M is a finitely generated D/M -module, that is [K : k] < ∞. (1) D/M ⊆ D/M is a root extension (resp., bounded root extension).
(2) C/(p) ⊆ D/M is a root extension (resp., bounded root extension).
(3) D ⊆ D is a root extension (resp., bounded root extension).
(4) C + M n ⊆ D is a root extension (resp., bounded root extension).
(5) D is an AV-domain (resp., API-domain).
(6) C + M n is an AV-domain (resp., API-domain).
Proof (1) Suppose that charD/M = 0. Then the following statements are equivalent.
(a) D is an AV-domain. (2) (a) ⇔ (b) The AV-domain case is immediate and does not require D to be a finitely generated D-module. Now for D a finitely generated D-module, [D : D] = 0 and hence D is an API-domain if and only if D ⊆ D is a bounded root extension (Theorem 4 (4), (5)). Certainly (b) ⇒ (c). Suppose that (c) holds, so D/ M ⊆ D/ M is a root extension (resp., bounded root extension). First suppose that charD = 0 and charD/M = p > 0. Then Theorem 8 gives that D is an AV-domain (resp., API-domain) and hence so is D. Next suppose that charD = charD/M . Then by Theorem 7, D is an AV-domain (resp., API-domain) and hence so is D.
(b) ⇒ (d) This follows from the paragraph preceding Theorem 9.
⊕ Z n , we have n = 1 and U (D)/U (D) is torsion (resp., of bounded order). Thus D/M ⊆ D/M is a root extension (resp., bounded root extension).
Recall that an integral domain is called a Cohen-Kaplansky domain (CK-domain) if (1) D is atomic (i.e., each nonzero nonunit is a finite product of irreducible elements) and (2) D has only finitely many irreducible elements up to associates. For results on CK-domains, the reader is referred to [3] . Hence a CK-domain is a API-domain. A local API-domain with D a finitely generated D-module is a CK-domain if and only if D is a DVR or D/M is finite. Theorem 4.5 [3] gives a structure theory for complete local CK-domains, compare with Theorem 7 and 8 giving a structure theory for complete local AV-domains and API-domains.
We next consider another type of "almost DVR". If D is a DVR with a uniformizing parameter π, then each nonzero nonunit y of D can be written (uniquely) in the form y = uπ n for some natural number n and unit u of D. We next define an "almost uniformizing parameter".
Definition 10. Let D be a domain that is not a field. An element a ∈ D is called an almost uniformizing parameter for D if for each nonzero nonunit y ∈ D there exist natural numbers m and n and a unit u of D with y m = ua n . A domain having an almost uniformizing parameter is called a rational almost valuation domain (RAVdomain).
The name "rational almost valuation domain" becomes apparent from the next theorem. Note that an almost uniformizing parameter for a domain D, if it exists, is far from being unique. Suppose that a is an almost uniformizing parameter for a domain D. Let b be a nonzero nonunit of D. Then b m = ua n for natural numbers m and n and unit u of D. Let c be any nonzero nonunit of D. Then c l = va k for natural numbers l and k and unit v of D.
So b is also an almost uniformizing parameter for D.
Theorem 11. A domain D is a RAV-domain if and only if D is an AV-domain and D is a rational valuation domain (i.e., the value group G(D) of D is orderisomorphic to a subgroup of (Q, +)).
Proof. (⇒) Suppose that D is a RAV-domain. Let a be an almost uniformizing parameter for D. We first show that D is an AV-domain. Let y, z ∈ D * . If y or z is a unit, then y | z or z | y. So suppose that y and z are nonunits. Then there exist natural numbers n, n ′ , n, m ′ and units u, v of D with y m = ua n and z m ′ = va n ′ . Then y mm ′ = u m ′ a nm ′ and z mm ′ = v m a mn ′ . So y mm ′ | z mm ′ or z mm ′ | y mm ′ . Hence D is an AV-domain. Thus D is a valuation domain and D ⊆ D is a root extension. Let v be the valuation associated with D. Let z be a nonzero nonunit of D. So there exits a natural number l with z l ∈ D. Since z l is a nonzero nonunit of D, there exist natural numbers m and n and a unit u of D with z ml = ua n . So mlv(z) = v(z ml ) = v(ua n ) = nv(a). Thus v(z) = n ml v(a) (this makes sense because G(D) is torsion-free). Let G = {q ∈ Q | qv(a) ∈ G(D)}. It is easy to check that G is a subgroup of (Q, +) with G(D) = Gv(a). It is also easy to check that the map given by q → qv(a) is an order-isomorphism. Hence D is a rational valuation domain.
(⇐) Suppose that D is an AV-domain with D a rational valuation domain. We may assume that G(D) is a subgroup of (Q, +). Let v be the valuation associated with D. Let a be a nonzero nonunit of D. We show that a is an almost uniformizing parameter for D. Let b be a nonzero nonunit of D. Then v(a) = m n and v(b) = m ′ n ′ , where m, n, m ′ , n ′ are natural numbers. Thus v(a nm ′ ) = mm ′ = v(b mn ′ ), so b mn ′ = ua m ′ n for some unit u of D. Since D ⊆ D is a root extension, there exists Our next theorem summarizes when the D + M construction satisfies one of the conditions (1)- (7) . This will be used to show that certain implications given in Theorem 12 cannot be reversed.
Theorem 13. Let (V, M ) be a valuation domain with the quotient field L of the form
], K is a field). Let D be a subring of K having quotient filed F , D (resp., D) the integral closure of D in F (resp., K) and R = D + M . So R is a subring of V with quotient field L.
R is a valuation domain ⇔ D is a valuation domain and K = F . (6) R is a DVR (resp., rational valuation domain) ⇔ D = K and V is a DVR (resp., rational valuation domain) ⇔ R = V is a DVR (resp., rational valuation domain).
is a valuation domain with quotient field K and D ⊆ D is a root extension ⇔ D is an AV-domain and F ⊆ K is a root extension (i.e., F ⊆ K is a purely inseparable extension or K is algebraic over a finite field.). (9) R is an AV domain with R a DVR (necessarily R = V ) ⇔ (R, Q) is an AV-domain with ∞ n=1 Q n = 0 ⇔ (R, Q) is an AV-domain and for each ideal A of R with 0 A R there exists a natural number n with Q n ⊆ A ⇔ V is a DVR, D = F is a field and F ⊆ K is a root extension. (10) R is a local AV-domain ⇔ V is a DVR, D = F is a field with [F : K] < ∞ and F ⊆ K is a root extension. (11) R is a quasilocal API-domain ⇔ V is a DVR, D = F is a field and F ⊆ K is a bounded root extension (i.e., F ⊆ K is purely inseparable of bounded exponent or K is finite).
and F ⊆ K is a bounded root extension. (13) R is a RAV-domain ⇔ V is a rational valuation domain, D = F is a field, and F ⊆ K is a root extension.
Proof. (1)-(5) are well-known. (6) This follows from (5) and the facts that dim R = dim D + dim V and a rational valuation domain (and hence a DVR) is one-dimensional. (7) Clear. (8) By Theorem 2 (1), R is an AV-domain if and only if R = D + M is a valuation domain (equivalently, D is a valuation domain with the quotient field K) and R ⊆ R is a root extension (equivalently, D ⊆ D is a root extension). Suppose that D is a valuation domain with quotient field K and D ⊆ D is a root extension. By Theorem 2 (4), D is an AV-domain. And since D ⊆ D is a root extension, L = T (D) ⊆ T ( D) = K is a root extension. Conversely, suppose that D is an AV-domain and F ⊆ K is a root extension. Then D ⊆ D is a root extension. For if x ∈ D ⊆ K, then x n ∈ F for some natural number n. But x n is integral over D, so x n ∈ D. But D ⊆ D is also a root extension, so there exists a natural number m with x mn = (x n ) m ∈ D. So D ⊆ D is a root extension. The condition equivalent to F ⊆ K being a root extension is Theorem 1 (1).
(9) R is an AV-domain with R a DVR (equivalently, D = K and R = V is a DVR) ⇔ D = F is a field with F ⊆ K a root extension and V is a DVR. Suppose that the last condition holds. Let M = V π be the maximal ideal of V . So M is also the maximal ideal of R. Let A be a nonzero proper ideal of R. Now some π n ∈ R since R ⊆ R is a root extension and hence π mn = (π n ) m ∈ A since dim R = 1, and so √ A = M . Then M mn+1 = π mn M ⊆ AM ⊆ A. Finally, suppose that (R, Q) is an AV-domain with ∞ n=1 Q n = 0. Now M ⊆ Q, so ∞ n=1 M n ⊆ ∞ n=1 Q n = 0 and hence V is a DVR. Now if D is not a field, then Q M and hence Q n ⊇ M for each natural number n. Then M ⊆ ∞ n=1 Q n = 0, a contradiction. (10) This follows from (4) and (8).
(11) (⇒) Suppose that R is a quasilocal API-domain. Since [R : V ] = M = 0, R ⊆ R is a bounded root extension and R is a DVR by Theorem 4 (5). By (9), V is a DVR and D = F is a field. Since R ⊆ R is a bounded root extension, F ⊆ K is a bounded root extension.
(⇐) R = V is a DVR and R ⊆ R is a bounded root extension since D = F ⊆ K is a bounded root extension. By Theorem 4 (4), R is a a quasilocal API-domain.
(12) This follows from (4) and (11).
(13) (⇒) Suppose that R is a RAV-domain. Then R is a rational valuation domain by Theorem 11. By (6), R = V , so V is a rational valuation domain. Since dim R = dim R = dim V = 1, D = F is a field. By (8), F ⊆ K is a root extension.
(⇐) Here R = V is a rational valuation domain, so by Theorem 11, R is a RAV-domain. (2), (4) (2) ((R, Q) an AV-domain with Q n ⊆ A for each ideal 0 A R, or R a DVR R is a local AV-domain) Use (a) and apply Theorem 13 (9), (10). (d) (7) (5) (R is a RAV-domain (R, Q) is an AV-domain with ∞ n=1 Q n = 0) Just take a valuation domain with value group (Q, +).
